
Lecture 2

· Review

·Friedmann equations
· Solutions

-Einstein static universe

- Expanding solutions

- de Sitter space
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Friedmann Equations
·On large (observable) scales the
universe is well-approximated by
the FRY metric. In the first
part of the course we will

study this homogeneousapproximation.
· Our next goal will be to
determine the Mention alt
from the Einstein equations.
· Let us remember them.

GrO=IYGN TMO,

where Gr=Rro-IGMOR is

the Einstein tensor. Sometimes

people single outcosmological constant



Not standard
I
* notation

from Two: Two-two* +1 &TGr9MO
·

Now, we substitute FRU metric to

determine geometric invariants.

(see Carroll 1.44

↑i = agij for spherical
coordinates]

rij =d"s
Ifirst three

min=begjkx" embedding
coordinates 3

Ricci tensor and scalat read:

Roo= -3
Rij=(G +2+m)gij

· 2

R =6(a +2 +E)
A



Now we need to determine

the
energy

momentum tensor. Letus
assume that it is a "perfect
Raid" - only characterized by
velocity u

Then there are justtwo tensor

structures:

Tri =Aun40+BgnO
In the restframe of the

durd, and in thatspace we get
um =(1,0,0,0

Tri =(-4p
So

A - B =PB =p =

A =p
+p



Next, the 00 component of
Einstein equations read:
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is component reachs
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AI getthe - 1 =- 846p2 t 2

We have two equations and

three unknown lunations. We also
need to relate p and -
specily matter equation of state

Simple models of matter
produce

p =w



pressure-less dust:
p=0,w

=0

relativistic matter (radiation (

I
w =

3

1(c..) w=-1

wI-1 -> "Null energy
condition"

(we mightdiscuss atsome point]

Combining Priedwam equations we get
o

=I - 46( +3p)-

a

easy to see I O

Computing - Tho we get
M



of(89) +p=0
This is the 1st law of thermodynamics

dE +pdV =0

This is not an independend equation,
it follows dram Einstein equations.

Solutions of Friedmann eq's.

1. Einstein static Universe

Chistorically important, butin
reality not so much). Einstein
wanted a solution with

Fo a =0 land i =0)



the F. egs reduce to:

k
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1 = S2

A 3

2 - 1 =0

has a solution

a=+,k=1,1=4πG
X

this is when the cosmological
constant was first added to GRP

2. Flat matter dominated

+ - -t

2a+at-1=-IEP
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2.General w

of(89) +p=0

i +3a(p +p) =0

y =

-3( +w) a
-3(1 +w). CB

=a

--a =
-btw)
a =const.Ia Itwo

a

[remember 12-13

A = In (ie there is another

matter component, w =w;

-

x
=1 -2 11Er") smaller w; dominates

at late times



Note that curvature is like matter

withpro and w=-.

Cosmological Horizons

Denrose diagram is similar to

flatspace if we go
to

conformal time;

-d++al) de-d
(n)

dy =Atthe question is,

whether the integral converges at
infinity.
Itdoes it wa - t

E



de Sitter space

=-1, or cosmological constant

case.

x =
const ,a =ent

M =E in our

notation.

In this case, however, there is

no singularity at t= -c (R =const)

Global de Sitter can be obtained

using closed slicing:
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=0 a =Gcshn+Get1 -

3
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2a+ge+R - 1 =

0

↓
ti = = 100th equations


